Gaup' Linking Momber

(@ Let MN be manfolds immersed (ot dsjout )

n fR@f,@ Want an mvaviant of MN wpto
'l\oww+oples wheve ‘H'lea do not ntevsect el othey

(VB do allos M or U 1o pass 1in Fremselves dwiny

‘f’he hOW)OJ'DPa ‘Hnwkg

-] /=D

What 12 thie information 7 b
We can talke maps le: M —> R L"N-'>IRP
Togeﬂbf these Vho./Le Qa mop

k‘L" MxN = ]RP,‘ RP

But since the w0 mam fulds veves idersect 1 P
We never hove IC(X)=L((7) so WUxL avods the diagonat
A= 30s0) xeR?3
Ana hovwo+op0 Lheve they remaim disjomé induces ¢ hom}opj
MN —> R%RPA

Thus, the space we ave interesied . e +he set of
howotapy classes of maps

[MxN, RE P, A:(

And the /Mkmi nvaviamt of embeo’d\vys kL
IS the closs [ L] m his Space.



(® What 15 this spoce?
G\VCV\ [RP‘RP‘A= %W,V)S we can chaye coovdlivg ey
to (V, %-V) o« "

o o
oV e \o %
<
Tis is a honeomorphis,  RRAA 22 RP @R o)
)
Avd R®1s cmtvachble so projechng 1 off s a Inp, epuIve lece,

Nov RRo deformarhgn retvacts b B via

And the composihon 15 4 homﬁopﬂ eguialence

[Rpst RP\A —) $%’2’,/m+w

U-v
( wlv) —> (V’ z{‘V) - U-v —=> Iﬂ°V‘

This homo%opg equwidlerce wmdces a chec%z'ou
L1t RER4T 25 [tten, g+

But +his 1s now the spoce of homo%apﬁ chises
oF maps & au W4 - mam Poid (Mtr) 1o Fhe mriv-8phe ve
[Mle 3""*"]) which are complewtey classifiest by ckgree:

Tl/'__w_..(HOP}): ‘F XN s An‘ovla{'ﬁuc N'MQW‘}OI&( 'H‘c% two mqps
5-"8: )( - $N ave hovno{'optc I}: Qnd 0»’3 iF di;:d?;y

Thus; [MHVJ 3"’“‘] P b.}ecﬁve onesposre wity J



The Degwee of A Map.

Deawee IS captured bﬁ'H’e top homo)oﬁ; Classes of +he
mantfolds muvohed: f X { ae 1 mamfilds and F- x> ¢
then F mdioes amap f: H (X 7) ~N,(Y 7)

and 1y top dinengion N/ each of H,(X) H,¥) ave
One dnmemsoowalj l

rated
Chss [x] [ i’j:gem y 4 choice o Forchmerer

H(%2) = 2] WY 2)=7-[¢]

The mdved map & then 1 1drhfied with an

Evdomarphism of Z : s s just hl
hch ve el deglf)eZ: Woplcstion by a b,

fe Hel%,Z) = H, (v, 2)
] — deo(F) [¥]

@ The Lmlcmg Nomber as qurca

pUH’Mé all of Hhis ‘/'ogei-heg we have a precise descrpbon
of the \variant of m $n -mamPolds m R™ ' p +o

hon- Ma‘ersec‘hvy homoi'o;y= Given K:M=R and L:y—mR"

‘—MIL(KI L) - dea <(x43) ,_i “""‘((J) )
lL(*)-l(la)l
-\ (o] | 2
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Accessw?#"s number via Cohovmology

General theo gives 1 the ousterce of clegree,
but does not provide au acceesible sy fo comprte 1#:
We need to Just compule the applicahon of L o (4]

(Probobly obbod) bt thew Pind q Wiy to weite £ [ma)
M tevms of gur cnsen gorvaten [§™]

BuDMNT = [T+ (57T # +[5 (b bty bt

\—-"\l\/
degf

To help, ve vy +, cOloomo)ery:

—

1 Gho clisses inovee mops H, —> 2
Sice eveythay, ¢ 10 wm Shd
NmZeso o howo loyg/ Clags dvee, \’&‘,K/W\LS%
Ro | -7 | ko™

nol.



() The Snosth ovld.-

F*’ m+n g(__b
Achalla mputing HJea) = H (87) = 7
[MxN] > deglf)
Re]a_wrcs choosma some type of C’ohomo)ogg Het we
Qciua”b kna haw to woirl, wit:
Whea F 18 Smooth. we Can vse de Rham Colwhm/ogy/
For +he actval Oan'pu'/-ahmz

Smooth Choiws | |, S(mgu}qf hovoloy O & Smoetts whll
8\/011 Class heg o (symooth clum) ve3ndahye,

deRavms theorem

de Rham deovnolagy oF a smootl, mam Folod 1
ISomarphic to pg Simgular colnovno)o(g}.

As hnea, maps ou l')ovno)ogjl an element [x]e |
acts on a smoohs chom [(1% Ha b'ﬂ

MDe=fee
ThUS, o set ;

W o 1somorphism  H, (¥ ;RY — R we neet
ou|

Y select q Cohovno)o%p Cbss [x] vt

$ﬂ+m
)
Théfeaﬁe man gUC‘O fOMS( W) VO' WO'&S', Rf VD( the

Volume forun o av? Premo, e meflwc) b o rse +he(7 a‘e
all Cohomologo us.



The Abstrect Computahon

For Speclﬁcda let X be a.}vo Iume Fovun 0 $mm
and de}:me V= gk. Theuw dgﬁme o = YL&/

g
Now P Wz M—=>R™™ o L4 R™Y
o(\g;om{- emkeddmgs FMN Forn the map

ve

fUM"/V—" $m+14.

k(s)—Lle‘)
(&)= | Uis) - L(#)]

|‘P EMXN] I a cholce ofﬂmdamew/-a( C leys (OV'eﬁk{vau)
For MxN, +hen a8 smoothn chaus,

ﬁ([MM}]) = [f('“xm)] e Hmm ($mm)
And, a5 M, (£)

= /- [515'"“”] for a cho ce Upﬁ»a/amwld
Clags Jor e

We kuow albstvaet
[‘P(MK”)} = [:Bmm]',,., +[$m+'j - deﬂ(ﬁ) [$M‘,‘]
ThUS, Integrahon agaivst X Yeilds

S’f\(/nf;)= { ) =$Mm*§K

$'Mﬂ Ly~ U$mfu. $‘hﬂn $.hf“

= deg(y)g X = dty(a&)= Linke (K, L)
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Worlcw? m R

SO welve /aw( ou a oamp l@‘f %‘ Wab/c co»pwtﬂﬁw 8%7[::3}/
JJ?or [mlc(k, L)J and the next shep (§ topvt fns mto proctce,

With care, the wH-cgml f K Canbe mede aap/:cn’-)y

Computelle; andl b wef(a‘,”;ﬁ,’)ve abstract rputzton,
We know this ey wales to e /w;/cu»z) humbe v

Wficulty 15 bt & 15 defined o g™
and ww:/:? ‘H')w?s Adown M?COOQ;(MQ’LQ will veg, ive ke

mahe the utognl att it wossible to Practugl)
Qolvate.. One Solvhoy, 15 to consider msiecd e /

WMép F: oy R™" 0 Jwen by

Fse) = KI3)- Lie)

m+14
H: T+ R +"5 T>m+"'ns the PVOJPC‘hM X=X/ 1x\, thew

¥= IE and

g K = § _
Py » = YF T

F(u) (M

*
Now 7c¥x IS ar men Formn oy IRMWQQ
Wheve we can use a Slvgle Covel ivale cheyt

(X‘ T XVLM-H)

aVOIde COOV‘dMal-e - concems OW‘H"C COO(OWGWL,
of Course, the nendtobstacle sty mpihe X c?xpllcﬂ—‘/y.



C ompuhwa Tt

Gwen a voke Porn s of fotal wivme 4 o B™ e
Wish +» compute Us pullback w Stadad @ordvsle; oy p1+at

Unforhumiely s s thelf difficult ag +he whole Louble
begam with wwhwg dowa ¢ Okphc.#y!

Instend - remem bev & itself hes o Special 1wporfore,
Ony Hs cohomlma_ydas:. Similar

9 T 13 now 1P 0rtert,
Any Yepresentodive op [rt*oqel-}‘”*‘"(ﬂzm“”\g) 'S egualy gord,
What ave the gpstrger properties of [~ vy 7 7
D) 4 Jenevaiey nem( R”*"'ig)
2) I evalvoles 4o 1o gre

Ths the 7l guesh g, i 1yg
We N M(R"M'\o) S0 th

c fR/lﬂ'WH-t

wdo we pradice or Fony

ot [w] has +hese properhes ?

New Goul: ConsHruet (- s yeh +Hot
° w_e/‘ﬂﬂn('km-m.\'o)

* W 13 not exact

bt partu; W~ = |
g



Coditions on LW]=[ 7]

Heve we loole fo +ymm the seb of @ditrous
On u above b0 a set of reasoms bie awsc#zze%
Qud then Solve forq u yith these propehes,

@ ws q ‘dimersion-1" Form Since we poled
bo,al( Qa 'Vo)ume POM MOW i<l gvh*l:[

\9 —®
Thus 1k essonable 1o seely ur as the
hodgﬁ dﬂal oF q 1,;:0/5& Z

= #y
@ F w15 4o be closed  +hew Adw = 0-vol

His puts q OnStvrqutgn i dklz=0’\/°'~ AW’b'ﬁ
H/ehodge ST Once moge toles this From ¢

mUlbp’C of the UO/VWJ%WJ-Q a gm[q,/%ﬁ¢4
*0(3("2 =0

W 1s ‘}'O be non - WQCI% I S(/ng/C/&nL (b, Stoleas )

4‘140'4'%%0. Aw ldea 12 +o Use a ome-fo/w Z e
kewmels Jit Jogether mbs @n contre Spheves. The,
On oy spheve level set A7 15 a mulbple of e

Volume foam of the Spheve, so has vovzes o \utest:
Thig 1 ples

p=dp Tor P=Plr) r=VRH--



Sol\llvv‘? JFW W

We have Vnama(?eol fo fvonshle the abshract-
V'e%w"’e"“mg% W 1o SU)SQO]@N‘- Oneve . @Stramfs :

O w=hy for ge
@ *a()Hz =0
O n=dp b p=pwn
r= ) %%,
R'H'Vv bge"he\f @ od 3 Shous

#’d*d}) =0
Byt @d-d)2=A 'S the Laplacian on Finchons

=>IAP= O on IEmM“\ 0O

This 18 the gt Gawdibow,!
IF w=sdp For PP then:

dp= Pwdr - P'(r)z_’x@_.d (X%---)
N P’mlr 2 x;dx;
$ W=Adp= *(Pl(rf Zkid&)‘: Plfq,zxz*dxa




Thus restricted fo 8™ (unee 1) we have
= PP Zrctes

= (P Sxeds
Qo 2
Thus, we need 4o compute S 2 XpAdx; on M
Note 8 forv owlerde Simofhh, /59 SQume Joa/w/ﬂ{) Jo @ P P
Andly 00 R™™ ks desivabve 15 eoe, to ompuie  (wre Fins s Yor
He ocbria e op W, bt g a//@f Simgatn Catenstion P W$»ﬁ..).

We vse the de finbay of He hodye Stov 6/Xp’l¢ﬂ"9u wheve
la“}; 86 nonzevo 1- Hon. Hee, BA*B =vol s He
vwiwe form

AFXr) = Talxwan) = T ety dl# 1)

And az#dx,;=idx.Adx,-A--'d&w.M S the wedhe ¢F closed
Yome, dx; s closed  so d (Adx;) =

- d(Zxd) = T, g,
Thes;

i = ZVoI = (VH-IMH)-VO\
(o

. g . = { P () 2 x;%di = P‘(‘)f 2 %A
$Vl ) Rmim $um. QBW”‘"

=p‘(o§ d '(Zx:,q.dx&) = ))'(u) ( Bfr:m ol = p\(()lV((-Vh{-l)\Io'( B"‘jy#g

= Vol ( $"+°")




PUH'M; ‘H’NS Q” ""Oﬁe«quv we 93#:

wl bC’ P = l’;a\rmowq erdll’#”) Sylmmev"nn on

R™™ and P)y+0 then w= Ad p
jeV\eV‘CIJ'C& H""*‘”(,Pw+m+|

FUV’H)CMOY’Q F P(l) / ,(va.m) +Hien
W] seuts [$""T + 1.,

Thus, all we need 1s to prodvee. explicit hamome forehms
o RO : leve vedved owr absyoet d /5@&/741 e?cm%,\

¥l =

To an exphet ODE £ p(r)
The So’w)’l)mg m each dstwm o Lall- lwnoim -

R pn) = ln (r)
R Pl = &
: -

——

R"-. P( T) = (v)’?-) "2

l

’l (Wl) V‘" 2

ln eack of Hese Stondadized normaliz ahos
howe P(D =l so ow Pv/pos’p.s veg.vv‘e
we dwie eacl ba __L



This glves an expl\ai- foron v cmfclm/?a Since

fP\ W= er (,}r""r) (dek‘ry;ﬁ—al@)

- X Adx +ysd
L L, (stegtage L Xl{; Z

= L xdj-yn
271 x;*vz

P ‘L.'Tr (ﬁ ;r')—'f (x*dx+y*d@+8*al%)

= E';r r3( A + 3‘#0(91'2*0(8)

- | )
4o (x’wtf-z‘)?'z ( yrde adwld“ 84%9)

\AlWﬂ' can we Scy wpl\aﬂy V)ou?



I fRZJ IF nim+) =2 then Only OGphow

s fov one 0f ow manfolds o ke Odim od ore
be |-dum.

© Only connected, compect O-mfd 1s apowt $o3
G Ouly conneckd ompet L-whd s 4 ek Q

=> We ave lool{,tvg af
s 143 = R’
l: & > R?
Call K(‘)‘-‘ a = (a 0«,)/ ond weile
L (£) = (xlt), yi8)

- Yol
Then Pullmy baclk, W= '2"7.'6 %

ider ti=> L(t)-l() = (X(é)oaxl yt-a,) ghes

§L,; (Xt8)-ax) d(yle) -ay) _ (YM-a) d(xb)-4,)
(x1-a,)°+ [yi- a,)?
= 5)_ (xt0)-a.) Yk dt - (ylr)-a,) X&)t
" (xI-a)*+ lyio-a,)?

L (xa, 90-a,) (0, -X(6)) dE

T (XA - 4)°




let R:R*>R be Hhe votore by & by
(xly) — ( 9i-x)

Thea ths s

And the Linkiw Vorg, of )o@ s

Le(d,1) = Z-Ing (L(tl-i)-R(leﬂ)db
fE' ILH)'Q'Z

Whats Hie Nexd Monteval  Case:
MR pmi =3 So ethev

O n=m=|, both are Ciweles or

@ n=2 m=0 SO One IS a coynpae+
Swiee ond ore & o pon’

(\mll do © Yuwt! This s éﬂu&s')-



| I R?
Pl back o= gz o (xderyrdy s 24de)

Under the map RAR%4 — R~O

® 7= et ) e

V

= (0(3 L (dz,_-dzk)

= (dyadz +dy,ada,)- (dyrde, dy 7z

= (d A dz,_+djkndek) ~(d‘7L4 dﬁu‘dzmdyk)

m
Thugwmb}c =0 e e )
» \ ! Pov
dtf.m\d e % Cras procuck:
QA= Y (9 2,[S) dsads e ovieried ores
To Smpp\t% s ress--- =0 Patdr of T2

@) Somehow need +o ve thort & swface
T2— R*R>A dlwab;‘/m tongpt plames
W dvechoa  spom ( Veclkéfv, ve?k jum»)

and M9+M|V\3 ul 2 Form "m o Single R®" il
avlvale Yo O on 0w map.



© grdy= g
= (§4,) d(3ra) ad bo)
\/_W
= ( Az, -de, ) A (dx -dx.)
= dZLAO‘XL ‘d ZLACIXK‘d&QAdXL + 481‘46(’9‘
= (dz,,/\dxu-dékwlxk) - (dzeadx,+ dz, de)

O 2Ad2 = 2dxx\ddw
= (@) dOe-x)Aad (9,5 )
" N—

= <de°dxtc> Al dy.- d3u>

~ dXLAd:,L -deAdyu‘ Ob([‘/\dg,_ ‘l’dxk A dyu

= (dx,/ dy, + Axerdy,, ) - (deAdf/“+dxk "dg")

Ritng al thes fems Jogether we hove 3 of the "Auot-dued
mins 3 OF e "Seepnd fpat”
= (XX, (dgl."dzl.” djt("dek) = (Xcx,.) (dﬂt" Gt da'/\dzb
90 9u) (dauncl, +dzaob,) (4, Yoe) (d2rdx+ dlz i, )
+(3-2,)(dxady, + Ay, ) — (B-2,) (o dy, +dlx, ady, )

. ~— V\N

FIV‘S" lLNﬂd geCOM klwd




The FIRST UINO will oll be 2ewo. | They, all edw
we'lldeal wl these |dter- AandsDor dirdb=0...

The SeCoND KIND: We Suifcdh avowd onolrs o
Yt a @ryerhm: " be e It"

= - (XL-/I’k,) (AHLAdzk—dzLAdgk)
+ (Y0 Yo) (dxdz, - A2 ndx )
- (2-2.) (deAdyk'dyL,\dy,(_)
To get rid oF wims syus o Jiont, abSork reto Cak

= ( Xj = XL) (ala'_/\dz.k_ —dzmdgky
) (5'< = i) (d"L"dZK‘ dﬁwdxk.)
Y (Z-pz-,,) (dxmdyk-dymdyk)

Thos, evalvm(m& the holmo/oﬁg Clss (x| : g

. >R
aqains + the genevertor of H (Rxp* 4) ghes

[ _
Yo J (- x0) (dyrdzu-dzachic ) = (Bi- 3,) (dxﬂd%wdﬁ”"“‘)*(*vﬁ)(dxt"dﬂu‘dﬁmdn)

K(®)<L(g) [ (%) ( Y- yk)z+ (- &) [3/2 —




Almast theve ( Sheesh!!)
Nouw we et need to pull bacl, wtﬂvg lexL
to geb an whegual 0 B3

l‘)} S s te wodwke o) th first civcle ond & s
e cpd or He ervd, Hhen The |€/lg’r(,. Lomms
dre ds dt ond o clolee of aro foim on He

s T2 35"@( (s
.= dsadt

A\owﬁ (s,t) > WI(s)-L(t) = (vm) - ity

2 (S) - Z ()
each of He bass one fosns D&
pulls ok o4

(K-L)*dx, = o (xu9)) = %! (9)ds
etc..

Tl’N/S, P(/”l"s M H’K V)vvnec/‘o.{‘ow (9“,@5

k
QL’L) ((xk‘ *L)(dﬂg_/\dh-d&’lo‘!k) "(Bk‘ Ye) (d":_"dz‘z‘ dél-"dx“) +(2¢-2,

XQ‘S] - X‘_( 'l;))

) (dx‘ Ady,. - dy, 4d>’1¢)>

= (o) (g2 -0y ) = (9he) (el - 2+ 12k [xd gl g0 ) dovk

= [ XX
(h "Lj . ((&.‘5{,%2)* D yo 2 ))dwlt

%k° 'Z'L



This 15
Qéls)-th) )‘ (L‘H:) X K‘ISB) dsardt

OMe!
1€ e

Thes all ﬁchﬂe«/ o BB we hove

- ° ' X !
I.\Y\'L“L,L) z_lg OUS‘) L(+)) (th’) k{g))gtg,‘d(:

br - 3
s LD~ s

Finally , 0n te paduet meni fold 6 Lt volwe
Yorm SPN— c& o poduct e pply L

g [ Qe

/Q' %’SU’;’C(& ltwk\ng wi PDH’ d 2 (vlegat S Simlev
e = |lexl,) dsdt

zq.'mg (kw44 v
[lp)-al3 akih. -
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