
 

Élantersedbutdisjoint
in RMF Want an invariant of M N upto

homotopies wherethey do not intersect each other

41112
pass thruthemselves during

the homotopy though

8 0 00
What is this information
We can take maps K M IR L N IRP
Togetherthesemake a map
KxL MxN IRIRP

But since the twomanifolds never intersect in IP
we never have kex ly so Kx L avoids the diagonal

I ex x I Xe IRP

Any homotopy wherethey remain disjoint induces a homotopy
MxN IRI RPI

Thus the space we are interested in is the set of
homotopy classes at maps

MxN IRI RR A

Andthe linking invariant of embeddings K L
Is the class Ux in this space



What is this space
Given IRIR A 19,4 we can change coordinates

to v u v n

Im
This is a homeomorphism IRINA I IRI Rko
And IRP is contractible so projecting it off is a htpyequivalence
Now RIO deformation retracts to via

H X IS X A1

And the composition is a homotopy equivalence
IRI IRP I Sky mtn

un W u u u v YET
This homotopy equivalence induces a bijection

MXN IRERRA I Mxn Smt

But this is now the space of homotopyclasses
ofmaps of an men manifold Mxn into themen sphere
MXN Dmt which are completelyclassifiedbydegree

Thin Hopf If X is an orientable Nmanifold then two maps
f g x are homotopic Iandonly I degfdegg

Thus MXN8m is in bijectivecorrespondencewith Z



The Degree of A Map

Degree is capturedbythe top homologyclasses of the
manifolds Involved If X Yare n manifolds and f X Y
then f induces a map F H lx 2 H Y Z
and in topdimension N eachofHulk Holy are
one dimensional generated by a choice of fundamentalclass TX Y

HNIX7 Z X HnLY Z Z Y
The inducedmap then is identified with an
endomorphism of Z this isjustmultiplicationby a numberwhich we call deg f EZ

Fx Hulk 7 HnLY 2
Ex A deg f Y

The Linking Number as Degree

Puttingall of this together we have a precise description
of the invariant of m en manifolds in Rmt up to
non intersecting homotopy Given K M IR and L N IR

Link K L deg exists Yijing
I d

É O 00 A



Accessingthis number via Cohomology

General theorygives us the existence ofdegree
butdoes not provide an accessibleway to compute it
we need tofirstampule the application of E on Turn
probablynotbad butthey find a wayto write Men
In terms of our chosengenerator58mn

f MxN my IT t thislookshard

Yet
To help we turn to cohomology

I Ghs classes induce maps Ha 2
Since everything is l D im

I shdwalknonzero ashomology class induces mydetails

forexpositorys Hn Z
nok



TheSmoothWorld

Actually computing HmdMxn ÉHmn 8mn s a
MN degIf

Requires choosing some type of cohomology that we
actuallyknowhowto work with
When F is smooth we can use de Rham cohomologyfor theactualamputation

smoothChat In singularhomology ofa smooth wld
every class has a smoothchain representative

damstheorem
deRhamcohomology of a smooth manifold isisomorphic to its singular cohomology

As linearmaps on homology an element a eHacts on a smooth chain to e Hu by
ID ECT

g
Thus to set up an isomorphism Hulst IR IR we needonlyselecta cohomologyclass IN with

Sgt L

There are manysuchforms hastaVol works for vol the
volumeformof any Riemannianmetric but ofcoursethey are
all ahomologous



thebstractfmputation
For specificity let I be anyvolume form on

m

and define V gym Then define a fr
Now if K M IR and L Ns IR tht

are
disjointembeddings of M N form the map

f MrN g men

is 411.4
If MxN is a choice of fundamental class orientation
for Mxn then as smoothchains

E TMNT If MXN E Hmen Dmt

And as Hm m
2 8mn for a choice of fundamentalclass for m

we knowabstractly

f MXN Smt t In deg f
Thus integrationagainst a yeilds

mint
men

ugm ft ft
deg f f a deg f Link K L

mtn



Irking inane
So we've laidout a complete'sviablecomputationstrategy
for Link K L and the nextstep is toputthis intopractice
With care the integral fug canbe made explicitly
computable and by the above abstract amputationwe knowthis evaluates to the linking number

The first practical difficulty is that x isdefined on 3and writingthingsdownm coordinateswillrequiremultiplechartsandmake theintegralall butimpossibletopracticallyevaluate One solution is to consider instead themap F Mxn Rmt o given by
Fls E KISI LIE

If it IRMtht'sDmtn istheprojection X is X lil then

f IF and

Iflung Seeming Grim

Now IT x is an men form on IR mi owhere we can use a singlecoordinate chart
Xi Xhtml

Avoiding coordinate concerns on the codomain
of course the nextobstacle is to compute a explicitly



Imputing II
Given a volumeform a of total volume 1 on mtgwe
wish to computeitspullbackm standard coordinates m IRn tht
Unfortunatelythis is itselfdifficult as the wholetrouble
beganwithwritingdown a explicitly

Instead remember x itselfhas no special importance
only its cohomologyclass Similarly He is not important
any representative of it a e itmen Rmt o isequallygood
What are the abstractproperties rt I a1 It generates Antm Amato

2 It evaluates to 1 on mthemytht
Thus the realquestion is howdo we produce a formwe Atm Mtm o so that W hastheseproperties

NewGoal Construct ur such that
We 1mm Ruthie
W is closed
W is not exact
in partcarSgt I



t.isIIEEIesetv andirons
on w above into a set of reasonable ansatzes
and then solve for a w with theseproperties
W is a odimension 1 form since we pulled
back a volume form along IntoThus its reasonable to seek was the
hodge dual of a 1 form 1

W I
If w is to be closed then dw o vol
thisputs a constraint on 12 day o vol Applyingthebodge star once more takes this from amultiple of the volumeform to a scalarfunction

day D
i w is to be non exact its sufficient byStokes
thatSgt0 An idea is to use a one form 12 whose
kernels fit together into concentric spheres Then
on any sphere level set 12 is a multiple of the
Vowne form of the sphere so has nonzero integral
this implies

I dp for p p er are



Solving fort
We havemanaged to translate the abstract
requirements on w to sufficient concrete constraints

WAY for y en
Ad 1 0

I dp Fa p p r

re Fit xd
Putting together and shows

dads 0

But Adf d is the Laplacian on functions

i Hroment
This is the right audition
If ur Adp for Peper then

dp p er dr p r at d tie
p er f I Xidxi

We Adp A P'I Exidxo P
Exitdei



Thus restricted to 8mm whee ra we have
W
gum PHExitdxe

so Ignaw Sgt'd I Xiadxi

Thus we need to compute S Exited x z on StmNote this form extendssmoothly by same formula to all of 1124th
and on IR tmt its derivative is easy to compute note this is NEthe derivative of w but a different smooth extension of wgumWe use the definition ofthe Hodge star explicitly whereIf p is a nonzero 1 formthen p n AB Vol is thevolumeform

d Exitdti Id x dxi dxonadxitted Ady
and ask dx Idxindxin dxnenen is the wedge ofdosedforms Adx is dosed so d taxi D

i d Exide Idxinadxi
Thus

I Vol nema Vol

gut Semitism fP'd Exit di p'll Exited xi
Butme

shift d Exitedxi p'll fitment p liberty to
Butane

Vol Satan



Putting this all together we get

That If p is harmonic radially symmetric on
Rntm and p'd to then W Adp
generates Hm Rmm o

Furthermore if p l Vol gum then
W sends Atm to 1

Thus all we need is to produce explicit harmonic functions
on RIO We've reduced our abstractdifferential equation

IT Vol W

To anexplicit ODE for per
Thesolutions m eachdimension are well known

R per In r lur

R P r In It

IR P r Intrn z Vigny Inu 2

In each of these standardized normalization
have p'd I so our purposes require
we divide each by f



This gives an explicit form in coordinates since

we Adp PII Z x Adx

Re we fr lur f xAdxtyady

It Aditya tagged

I Iggy

IR we fr I x dxtyadytzadz

It Hadst yedy t z dz

It fagtzyan xdy dz y
duende t zdandy

What can we say explicitly now



InMI If n em 1 2 then only option

is for one of our manifolds to be Odin and one to
be l dim

Only connected compact o mild is apoint
Only connected compact 1 mad is a circle

We are looking at

K IR
2 IR

Call Kl a laxas and write
L t Ht YIH

Then pullingback we thigh
under the Llt ke x ft ax yet ay gives

Iijima
agjigggedt

taffat



Let R R IR be the instate by i hap
x y is y x

then this is

cutlet
And the linkingNumber of L with a is

Luta L If 414 34that

whats the Next Nontrivial Case

In 1123 ntm t 1 3 So either

n m l both are circles on

ne m o so one is a compact
surfaceand one is a point

will do first This is Gauss



MI
Pull back at rt x duty dy t z dz

Under themap IRER A R O

Is 141
Pu Pu to R Pu

x Adx x dyndz
xx
Landen
dy dya n der dz u

dypdzy dyudzu dyundztdyundzu
ldyndzctdyundz.at dyidzutdyundzd

hyjdy.dz dyedzu dandy
on Ts IR A ble ofcrossproduct
Drde y'dtags

th
le omentedarea
patchat t

ToSimplify thismess
Somehow need to use that my surface

AIR I alwayshastangentplanes

in direction span reentry veep.fm

and anything ul 2form in a single 1123 will
evaluate to 0 on our map



YAdy yd and x
Yigal Lunden
dz dz a a dxidxu
dandy d Zandra dzun dy t dZandra
dzindxitdzandxu dead tut dZandt

ZAdZ Zdandy
Zi zu dlxi xulndlyzyu.ly
dy dxu il dye dye
drudge drudge dandy tdxandyu
dxindy t dxandya dxindyutdxandge

Putting all theseterms together we have 3 at the firstlend
mmus 3 at the secondAnd

XiXu dyndz dyundzu xox a dyindentdyundz
ly ya dzindxitdzardxu ly ya dead tut dzun dy
Zr Zu dxindy tdxandyu Zr Zu dxandyutdxandge

d Take



The FIRST KIND will allbe zero They all endup 4
we'lldeal w these later dsnds.ro dtr de D

The second KIND We switch aroundorders to
get a convention Lbefore k

Xi Xu dyndzu dandyu
Yi Yu dxindzu dander
Zu Zu dandy u dyi nd x a

To get rid of minus signs out front absorb into deets

Xu Xz dyndzu dandyu
Ye yo dxindzu d and tie

Zu zu dandy u dyi nd x a

Thus evaluating the homology class K xL x RER A
against the generator of H IRI R A gives

IHfftimiiiiijjigigiginananninp



Almostthere sheesh

Now we justneed to pull backalong text
to get an integral on 8k

If s is the coordinate on the first circle and E is

the cord on the second then the length forms
are ds dt and a choice of area form on the

torus T x is

a dsrdt

Along is E to Kiss 110 1 1,1 44
each of the basis one forms
pulls back as

K L dxu d Xuls x'als as
etc

Thus pulling back the numerator gives
µ 1 Xu ti dyundzudandya Ye yo dander dead k Zuzu dandya dyndxa

xoxo lyiz'u ziya ya ya lxizd zixi.lt Znecllxiya gixi den

Y xi yi zi x xu ya za dsadt
Zu Za



This is

Is LH L It x U'Is dsadt

Thus all together on xD we have

Link144 tf ftp dldsndt

Finally on the productmanifold 88 with volume

form split as a product we apply fubini

4444 t.LYYhHdsP

T forsurface linking w pont d inlegal is similar

It 141,1g Udf
Ikstkeldsat

Ford
patch


