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Leveraging the geometry of Riemannian 
symmetric spaces for graph embeddings



The Ideas of 
Modern Geometry

High Dimensions & Curved Spaces



What is dimension?
The number of pieces of 
information you need to 
completely specify a point.
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This opened our eyes to a 
much broader world

Configuration spaces of 
robots, etc

Parameter spaces of design

Space of colors is 3D
Spacetime is 4D



An image is a point in 
high dimensional 
space

An example: the space of 
photographs.





50 50

50

25

50

50

25

50

100

100

000

100100 100 100 100 100

100

100

100

25 25 25

25 25

25

2525

25

2525

25

25

2525

2525

25

25

25

25

25

25

2525

25

25

25252525 25

2525252525

25252525

100

100

100

100

100100100

100

100

100

000 0

000 000 0 00 0

0 0

0 0

0 0

0 0

0 0 0 0

0 0 0

0

0

0

0

0

0

100

100

50

100100

100

100

100100100

100

100

100

100

100

100

0 0

0 0

0

0

0

0

100

0

0

0

0 0

0

0

00 0 0

0

0

0

0

0

0

0

50

50

50



50 50

50

25

50

50

25

50

100

100

000

100100 100 100 100 100

100

100

100

25 25 25

25 25

25

2525

25

2525

25

25

2525

2525

25

25

25

25

25

25

2525

25

25

25252525 25

2525252525

25252525

100

100

100

100

100100100

100

100

100

000 0

000 000 0 00 0

0 0

0 0

0 0

0 0

0 0 0 0

0 0 0

0

0

0

0

0

0

100

100

50

100100

100

100

100100100

100

100

100

100

100

100

0 0

0 0

0

0

0

0

100

0

0

0

0 0

0

0

00 0 0

0

0

0

0

0

0

0

50

50

50



Dimension of the space of images

}}

n Pixels

m Pixels

nm-dimensional
Color Pixels 

3 numbers per pixel: red, green, blue.

Space of images = 3nm-dimensional



Dimension of the space of images

}}

n Pixels

m Pixels

nm-dimensional
Our Example: 480p Color Images

3 x 480 x 320 = 460,800



What is the distance between 
a dog and a hot dog?



⟨

⟨

⟩

⟩

d1, d2, d3, d4, d5, d6, d7, d8…

h1, h2, h3, h4, h5, h6, h7, h8…

d460,800

h460,800



⟨ ⟩d1 − h1, d2 − h2, … d460,800 − h460,800



dist =
460,800

∑
i=1

(di − h2
i )

Thinking of the set of images as 
having geometry is the essential 
insight to many modern Machine 
Learning applications.



Gauß

As a surveyor, 
Gauss had to 
think about 
‘realistic’ 
geometry.

Geometry of a 
hilltop: triangles 
don’t add to 180!

Space can be 
curved



What is
Curvature?

κ = κ1κ2How can we quantify the 
deviation of a surface 

from the plane?



What is
Curvature?

κ = κ1κ2

C = 2πr



What is
Curvature?

κ = κ1κ2

C = 2π sin r



What is
Curvature?

κ = κ1κ2

C = 2π sinh r



κ < 0 κ = 0 κ > 0

What is
Curvature?

κ = κ1κ2
Curvature measures this 

difference.

κ < 0 κ = 0 κ > 0

κ ∝ lim
r→0

2πr − C(r)
r3



Positive Curvature

 Negative Curvature



Applications to Mathematics:

Differential geometry: careful thinking 
about vector calculus and distances.

Differential topology: understanding 
spaces / graphs / functions by slicing.



Applications to Mathematics:
Taking curvature seriously led to the 
discovery of Hyperbolic Geometry

GaußBolyai Лобачевский

Proved that Euclid’s 5th postulate is 
independent of the first 4, which was 

open for nearly 2,000 years.



Hyperbolic geometry is everywhere!

Complex Analysis

Topology

Number Theory



Exponentially many cubes 
stack around a central cube.

Image by Roice Nelson

Negatively curved space is HUGE.  
Most of the interesting questions 

about 3-dimensional space turn out 
to be questions about hyperbolic 

geometry.





Untangling Webs
The geometry of graph embeddings.



Data 
Graphs

and

Vertices are data
Edges are relations



Vertices: Bus/Tram Stops

Edges: Bus/Tram Routes

The Muni Graph



Vertices: Species or Genes

Edges: Ancestry

Phylogenetic Trees



Vertices: Users
Edges: Following

Social Networks



Vertices: Subreddits
Edges: Crossreferences

Reddit



Vertices: Mouse Genes
Edges: Co-expression

Biochemistry





Some connections 
are stronger than 
others.

Travel Time
Route “Length” :

Number of base 
pair changes

Genetic “Distance” :

1/(Number Crossrefs)

Community “Closeness” :

If we have a ‘weight’ on 
each edge, we can treat 
it as a length.  This gives 
the graph geometry!



The distance 
between two 

vertices is the length 
of the shortest path.

ℓ = 432= dist

Distance gives Geometry 
to a Graph



Distance gives Geometry 
to a Graph

r

C

0 1 2



Distance gives Geometry 
to a Graph

r

C

6

0 1 2



Distance gives Geometry 
to a Graph

r

C

6

0 1 2

14



Unfortunately, this can be 
difficult to compute



But not always!  It’s 
easy on this graph.

Finding Distances



But not always!  It’s 
easy on this graph.

Finding Distances



But not always!  It’s 
easy on this graph.

Finding balls
Finding Distances



But not always!  It’s 
easy on this graph.

Why its easy isn’t a feature of 
the graph, but rather a 

property of how its laid out

Graph distances match well 
with distances in the plane.

This lets us use plane geometry 
to estimate graph quantities.

Finding balls
Finding Distances



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Start with a graph 
G with V vertices 



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Start with a graph 
G with V vertices 

Choose a N-
dimensional 
space X



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Start with a graph 
G with V vertices 

Choose a N-
dimensional 
space X

An embedding of the G in 
X is a choice of V points.

Each point is specified by 
N numbers.

An embedding of G in X is 
specified by VN numbers.



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

The space of all 
possible 
embeddings is 
VN dimensional.



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Many Errors

Few Errors

We can see how good 
any embedding does 
by comparing graph 
distances to geometric 
distances



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Many Errors

Few Errors

This defines a real 
valued function on the 
space of embeddings



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Many Errors

Few Errors

Graph of the Error 
(Loss Function)

The Space of Graph Embeddings



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

Many Errors

Few Errors

The Least Error

The Best 
Embedding

The Space of Graph Embeddings

Graph of the Error 
(Loss Function)



Embedding graphs in space
Beautiful Ideas at the Heart of Machine Learning

The Space of Graph Embeddings

The Best 
Embedding

Gradient Descent

 points in the 
direction of steepest decrease.
−∇Error

Starting at a random point, 
following the gradient is one 
tool to help find a minimum



Graph 
Embedding
An example:

Randomly assign a point to 
each vertex, giving a (terrible!) 
embedding.

Run Gradient Descent



Graph 
Embedding
An example:

Randomly assign a point to 
each vertex, giving a (terrible!) 
embedding.

Run Gradient Descent

Produce an optimal 
embedding.



dGraph dEuclidean≈

Graph 
Embedding
An example:

Randomly assign a point to 
each vertex, giving a (terrible!) 
embedding.

Run Gradient Descent

Produce an optimal 
embedding.

Using this embedding, 
(approximate) graph 
computations are easy!



dGraph dEuclidean≈

Graph 
Embedding
An example:

Randomly assign a point to 
each vertex, giving a (terrible!) 
embedding.

Run Gradient Descent

Produce an optimal 
embedding.

Using this embedding, 
(approximate) graph 
computations are easy!

Most graphs aren’t planar! 
Embedding is often done in 

hundreds of dimensions



This has been incredibly successful.



Problem: this can’t 
work all the time!



Problem: this can’t 
work all the time!

Volume of balls in n-dimensional 
space grows like rn

Balls in a the tree here grow 
exponentially: like 5r

Exponentials grow faster than 
polynomials: big enough trees 
can’t fit in any Euclidean space.



dGraphdEuclidean < <

Volume of balls in n-dimensional 
space grows like rn

Balls in a the tree here grow 
exponentially: like 5r

Exponentials grow faster than 
polynomials: big enough trees 
can’t fit in any Euclidean space.

Problem: this can’t 
work all the time!



dGraphdEuclidean < <

Volume of balls in n-dimensional 
space grows like rn

Balls in a the tree here grow 
exponentially: like 5r

Exponentials grow faster than 
polynomials: big enough trees 
can’t fit in any Euclidean space.

Problem: this can’t 
work all the time!



The size of balls in 
negatively curved space 
grows exponentially!

Can we embed a tree in 
hyperbolic space?

Idea:

Yes!



This caused a lot of excitement.



Problem: if you try to run this on real 
world datasets, it does a bad job

Where we got involved!

Anna Wienhard Michel StrubeMe

Idea: it does bad when the intrinsic 
geometry of a graph does not look like 
hyperbolic space….



Problem: if you try to run this on real 
world datasets, it does a bad job

This grid-shaped graph has geometry 
like the Euclidean plane.

Euclidean space is very different than 
hyperbolic space.

So, this grid won’t fit well inside of 
hyperbolic space.

Balls in the graph grow like .  Balls in 
hyperbolic space grow like 

r2

er



This is not good.  To 
figure out where to 
embed our graph we 
need to know the 
geometry of our 
graph.

But we want 
something for 
arbitrary, real 
world data!



Daniel Hoadely

Vertices: legal cases in 
England and Wales.
Edges: Citations

But it gets 
worse…

http://carrefax.com/articles-blog/2018/10/14/case-law-network-graph


{ }Grid-like 
components

Tree-like 
components

A small piece of the legal 
casework graph



𝔼n ℍn
This graph is trouble for 
BOTH spaces



Can we build a “universal embedder”: a space 
that let’s us embed real world graphs accurately, 
even if we don’t know their geometry?

{ }Need 
flat 
spots

Need 
hyperbolic 
spots

Bea PozzettiFede Lopez

Anna Wienhard Michel StrubeMe



ℍ2 × ℝ
The geometry of 

a stack of 
hyperbolic 

planes.



ℍ2 × ℝ
Horizontal slices = 

Negative Curvature

Vertical slices = 
Zero Curvature



Room for grid-like 
stuff in the flat 
parts,

Room for tree-like 
stuff in the 
negative 
curvature 



ℍ2 × ℝ
Room for grid-like 
stuff in the flat 
parts,

Room for tree-like 
stuff in the 
negative 
curvature 



Higher dimensional 
versions of this are 
called Symmetric 
Spaces: 

They have more complicated 
geometry, still full of both flat and 
negatively curved regions.



Higher dimensional 
versions of this are 
called Symmetric 
Spaces: 

All symmetric spaces were 
classified in the 1920’s by 
Elie Cartan.



Proposal: In the machine learning architecture for graph 
embedding problems, replace Linear Algebra with The 
Geometry of Symmetric Spaces
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