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The Ideas of
Modern Geometry

High Dimensions & Curved Spaces




What is dimension?

The number of pieces of

iNnform

comp

ation you need to
etely specity a point.



















This opened our eyes to a
much broader world

Space of colors is 3D

Spacetime is 4D

Configuration spaces of
ropots, etc
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An example: the space of
photographs.

-~ Animage is a point in
high dimensiona
space
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Dimension of the space of images

nMmM-dimensional
Color Pixels

=1 W

3 numbers per pixel: red, green, blue.

Space of images = 3nm-dimensional

n Pixels



Dimension of the space of images

nM-dimensional
Our Example: 480p Color Images

M Pixels

3 x 4380 x 320 = 460,800

n Pixels



What is the distance between
a dog and a hot dog?




<d1> dZ’ dB’ d49 dS’ d6’ d7’ d8' s d460,800>

<h19 hZ? h3’ h4’ hS’ h6’ h7’ h8' s h460,8()() >







460,300

) (d—h)
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Thinking of the set of images as
having geometry is the essential
insight to many modern Machine
Learning applications.




- Space canbe
curved

AS O surveyor,
Gauss had to
think about
realistic’

geometry.

Geometry of o
hilltop: triangles
dont add to 180!




What How can we quantify the

deviation of a surface
from the plane?










What

C =2xsinhr




Wh .t Curvature measures this
d difference.
 2ar— C(r)
K x im —————
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Positive Curvature

Negative Curvature




Applications to Mathematics:

Differential geometry: careful thinking
about vector calculus and distances.

Differential topology: unde
spaces / graphs / functions
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Applications to Mathematics:

Taking curvature seriously led to the
discovery of Hyperbolic Geometry
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Proved that Euclid’s bth postulate is
independent of the first 4, which was
open for nearly 2,000 years.




Hyperbolic geometry is everywhere!

Complex Analysis

Topology

Number Theory




Negatively curved space is F
Most of the interesting questi
about 3-dimensional space tL
to be questions about hyperboli
geometry.

Exponentially many cubes
stack around a central cube.

Image by Roice Nelson






Untangling Webs

The geometry of graph embeddings.



Data and
Graphs

Vertices are data
Edges are relations

JLA




<
W ~xi‘¢
‘.p L
A &
3 +&
P Al il .
PresidoManFost B o ) ¥ 5l )i L )
: L 3
I ‘; = Cruise Terminal
Chesinul - Lombard o
Xory um

| g “%

 Broadway
Green - \allzjo o

Q FERRY BUILDING
Jackson C .
Clay
) CPMC - Sacramento O i Felsom
3 it
%
VA Hospital - Butro Heights Q0 HWels Wenm el el
Lands End O .p 00 Brannan
° < 0#‘“
48th Ave. o Fulton Q Webster + McAllister
QWlndrnill I .'IAN NESS
9 & 0413' Ave, USIC CONCOURSE | l
%, ’Qb' %, O Lincaln + Sunset ¢
% T % W9

Ocean Beach ° o < ™ Mission Rock

l 9
Lawion @ 2x CHASE CENTER
P

UCSF Medical Center

Noriega d o“'

p@‘P Quintara A : ; [y 20th St

() 23rd St

- - - Chuich + 20U
. ¥ i + 1
‘cv'-‘ @"" ' ° N Marin St
P 21st 5t. ‘Q
Church + 22nd Evans
. L4 19th + Vicente 0 .
o B Church + 24th o () Hudson -Innes
€F 200 "\o’\ - :-.;pi'. :—io ‘fo '.'.'.J “l
4 I 3 & e Clipper Y Kirkwood - LaSalle
& o\o’ S sival OO 1

[} Oakdale - Pzlou

o Metro: 5-min peak fraquercy, 24-hr service ™ Revere - Shafter

STONESTOWN OO

@D M - Ocean View Corni
L] Carro

@D T - Third St.

@D - - Ta aval uesr QOO L Gilrian - Paul
@O K -Inglesids + Geary O Le Conte

on
o Metro: 7-min peak frequercy, 5am-1am Parkmerced OO Aidita
M €

@O G - 19 -

@D N - Judah -8 3AYSHCRE (@)

Alemany X
O 0O J-Church - =
BRT: 10-min peak frequency, 5 am - 1am =
o e i OAL’( cmy OO 'a < >
©

QO H -Van Ness

O B-Sunset

°Helitage: 7-mir. summer frequency, 7 am - 9 pm
¢ D E -Embarcadero
G0 F -Market + Wharves

@ @D Direct cennections to cther tansit systems

The Muni Graph

Vertices: Bus/Tram Stops

Edges: Bus/Tram Routes



Phylogenetic Trees

Vertices: Species or Genes

Edges: Ancestry
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Route “Length” :

Travel Time

enetic “Distance” :

Number of base
oair changes

ommunity “Closeness” :

Number Crossrefs

sSome connections

are stronger than
others.

- It we have a ‘weight’ on
< €each edge, we can treat
it as a length. This gives
the graph geometry!




Distance gives Geometry
to a Graph

The distance
between two
vertices is the length
of the shortest path.




Distance gives Geometry
to a Graph




Distance gives Geometry

to a Graph




Distance gives Geometry
to a Graph




Unfortunately, this can be

ifficult to compute




But not always! It’s
easy on this graph.
Finding Distances
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But not always! It’s

easy on this graph.

VFinding Distances
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easy on this graph.

VFinding Distances
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But not always! It’s
easy on this graph.
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Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Start with a graph
G with V vertices




Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Start with a graph
G with V vertices

Choose a N-
dimensional
space X




Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Start with a graph
G with V vertices

Choose a N-
dimensional
space X

An embedding of the G in
X is a choice of V points.

Each point is specified by
N numbers.

An embeddingof Gin X is
specified by VN numbers.



Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

The space of all
possible
embeddings is
VN dimensional.

HSE
>




Embedding graphs in space

Beautiful Ideds at the Heart of Machine Learning

We can see how good
any embedding does

by comparing graph
distances to geometric *

distances




Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning
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%%@

Many Errors

This defines a real
valued function on the
space of embeddings

Few Errors



Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Graph of the Error
(Loss Function)

Many Errors

Few Errors

The Space of Graph Embeddings



Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Graph of the Error
(Loss Function)

The Least Error

The Best
Embeddin

The Space of Graph Embeddings

Many Errors

Few Errors



Embedding graphs in space

Beautiful Ideas at the Heart of Machine Learning

Gradient Descent

‘ — V Error points in the
iIrection of steepest decrease.

tarting at a random point,
ollowing the gradient is one
ool to help find a minimum

The Best
Embedding

The Space of Graph Embeddings



Gra
Eeddmg

An example:

Randomly assign a point to
each vertex, giving a (terrible!)
embedding.

Run Gradient Descent

4

LSO



Gra
Eeddmg

An example:

Randomly assign a point to
each vertex, giving a (terrible!)
embedding.

Run Gradient Descent

Produce an optimal
embedding.



Gra
Eeddmg

An example:

Randomly assign a point to
each vertex, giving a (terrible!)
embedding.

Run Gradient Descent

Produce an optimal
embedding.

Using this embedding,
(approximate) graph
computations are easy!

dGraph ~ dEuclidean



Graph
EFmbeddips

An example:

Most graphs arent planar!
Embedding is often done in
hundreds of dimensions

Randomly assig
each vqrtex ~v
embed‘\".

(approxim
computati

dEuchdean

dGraph
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Graph Embedding Techniques, Applicatiors = Darfarmancas A Cuevax

IEEE TRANSACTIONS ON KNOWLEDGE AND DATA ENGINEERING, VOL. XX, NO, XX, SEPT 2017

Palash Goyal and Emilio

University of Southern California, Informa
4676 Admiralty Way, Suite 1001, Marina d¢

A hetrant

o0
ypears in a wide diversity of real-world scena 5
1ind the data, and thus can benefit a lot of ug (&
However, most graph analytics methods sufl
vay to solve the graph analytics problem. It ¢ %0
lon and graph properties are maximumly pre
edding. We first introduce the formal definiti <
o
The Link"PrediCtion Pr()blem for SO( JOURNAL OF ETeX CLASS FILES, VOL. 14, NO, 8, AUGUST 2015 :
, U
David Liben-Nowell Jor Deep Learnlng on Graph g
Department of Computer Science Department | —
Carleton College Corny Ziwei Zhang, Peng Cui and Wenwu Zhu,  —
Northfield, MN 55057 USA Ithaca, | P
dlibenno@carleton.edu kleinbert g

Abstract

Given a snapshot of a social network, can we infer which ney
are likely to occur in the near future? We formalize this questi
and we develop approaches to link prediction based on measw

A Comprehensive Survey of Graph E
Problems, Techniques and Applic

Hongyun Cai, Vincent W. Zheng, and Kevin Chen-Chuan Ch;

Ahstract—Dean learnina has bean shown ta ba sucecesseful in a number of domains. ra

A Tutorial on Network Embeddings

Haochen Chen', Bryan Perozzi®, Rami Al-Rfou?, and Steven Skiena'

!Stony Brook University
*Google Research

{haocchen, skiena}@cs.stonybrook.edu, bperozzi@acm.org, rmyeid@google.com

August 9, 2018

Abstract

Network emheddinege methads aim at learnine law-dimensional latent renresentation of nodes

Network Representation Learning: A Survey
Daokun Zhang, Jie Yin, Xingquan Zhu Senior Member, IEEE, Chengqi Zhang Senior Member, IEEE

Abstract—With the widesnread use of information technologies, information networks are becoming increasingly popular to capture

rious disciplines, such as social networks, citation networks, telecommunication networks, and

1ese networks sheds light on different aspects of social life such as the structure of societies,

unication patterns. In reality, however, the large scale of information networks often makes network
xpensive or intractable. Network representation learning has been recently proposed as a new learning
lices into a low-dimensional vector space, by preserving network topology structure, vertex content,
facilitates the original network to be easily handled in the new vector space for further analysis. In this
1sive review of the current literature on network representation learning in the data mining and machine
laxonomies to categorize and summarize the state-of-the-art network representation learning

erlying learning mechanisms, the network information intended to preserve, as well as the algorithmic

of nodes in a network. Experiments on large co-authorship ny
about future interactions can be extracted from network topo
measures for detecting node proximity can outperform more d

Representation Learning on Graphs: Methods and Applications
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1 Introduction rexying@stanford.edu

As part of the recent surge of research on large, complex netw
erable amount of attention has been devoted to the computa
structures whose nodes represent people or other entities embe

Department of Computer Science
Stanford University

edges represent interaction, collaboration, or influence between 2 R
networks include the set of all scientists in a particular disciplin =~ <>
co-authored papers; the set of all employees in a large compai N
: : ’ X - Abstract

on a common project; or a collection of business leaders, with oL
together on a corporate board of directors. T.he increased av < Machine learning on graphs is an important and ubiquitous task with applications ranging from drug
encoding such networks has stimulated extensive study of tht  — design to friendship recommendation in social networks. The primary challenge in this domain is finding
fication of recurring structural features. (See, for example, th a way to represent, or encode, graph structure so that it can be easily exploited by machine learning
Watts [37], Grossman [11], Newman [29], and Adamic and . _ models. Traditionally, machine learning approaches relied on user-defined heuristics to extract features
sur vey,'Newman [30}.) . . . ("7) encoding structural information about a graph (e.g., degree statistics or kernel functions). However,

Social networks are highly dynamic objects; they grow an e recent years have seen a surge in approaches that automatically learn to encode graph structure into
the addition of new edges, signifying the appearance of new i 9 low-dimensional embeddings, using techniques based on deep learning and nonlinear dimensionality

structure. Identifying the mechanisms by which they evolve is

WESs UYL, | FPTEREDE ThasW S S IIENFRGASE. WX Y @ S-SSLSHOIUBR Y, UG WL © WIS « SO U

reduction. Here we provide a conceptual review of key advancements in this area of representation

A AR |

‘summarize evaluation protocols used for validating network representation learning including
evaluation methods, and open source aigorithms. We also perform empirical studies o compare the
Igorithms on common datasets, and analyze their computational complexity. Finally, we suggest

facilitate future study.

orks, graph mining, network representation learning, network embedding.

coming ubiquitous across a
d applications in forms of
rks, telecommunication net-
, etc. The scale of these net-
) millions or even billions of
ion networks plays a crucial
splications across many dis-
networks, classifying users
is useful for many impor-
1, targeted advertising and
ication networks, detecting
better understand the rumor
il networks, inferring inter-
acilitate new treatments for
t analysis of these networks

most existing algorithms involve calculating the spectral
decomposition of a matrix [2] with at least quadratic time
complexity with respect to the number of vertices. This
computational overhead makes algorithms hard to scale to
large-scale networks with millions of vertices.

Recently, network representation learning (NRL) has
aroused a lot of research interest. NRL aims to learn latent,
low-dimensional representations of network vertices, while
preserving network topology structure, vertex content, and
other side information. After new vertex representations are
learned, network analytic tasks can be easily and efficiently
carried out by applying conventional vector-based machine
learning algorithms to the new representation space. This
obviates the necessity for deriving complex algorithms that
are applied directly on the original network.
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The size of balls in
negatively curved space
grows exponentially!

Can we embed a tree in
hyperbolic space?




Hyperbolic Geometry of Complex Networks

Dmitri Krioukov,! Fragkiskos Papadopoulos,® Maksim Kitsak,! Amin Vahdat,® and Mari

Hyperbolic Graph Convolutional Neural Networks

arX1v:1006.5169v2 [cond-mat.stat-mech| 10 Sep 2010
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Z_ REy I, proble: high fidelity. Recently, hyperbolic embedding methods have achieved state-of- neighbor search (Krauthgamer & Lee, 2006; Wu & Charikar,
S P '_1 b - a nov the-art quality in graph representation learning tasks; when embedding certain o, 2020), hierarchical clustering (Monath et al., 2019; Chami
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e KEYW _2 model in Euclidean space, we are the first to leverage trainable hyperbolic rotations. a directions, Euclidean Principal Component Analysis (PCA) is a fun-
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ike the Euclidean plane.

-uclidean space is very different than
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A small piece of the legal
casework graph

Tree-like
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Can we build a “universal embedder’: a space
that let's us embed real world graphs accurately,
even it we don't know their geometry?

Anna Wienhard ~ Michel Strube Neeo
nyperbolic
Need SPOtS
flat
Spots

Fede Lopez Bea Pozzetti




H? x R

The geometry of
a stack of
hyperbolic
planes.




vl
,,azﬁ NIV

..é
.__v. \ d/ P

T {F:
R

@ LT
s“ f.f...,.u \M«m_.... a

..,. ,
< Wie
MR -

Curvature
ical slices =
Zero Curvature

Horizontal slices
ica

Negative
Vert




Room for g

StL

ffi

ole

1S,

r

N the -

Room for tree-like

stuff in the
id-like negative
at curvature




Room for tree-like

stuff in the
Room for grid-like negative
stuft in the flat curvature

parts,




Higher dimensional
versions of this are
called Symmetric
SPACES:

They have more complicated
geometry, still full of both flat and
negatively curved regions.




Higher dimensional
versions of this are
called Symmetric

SPACES:
Symmetric Spaces for Graph Embeddings
Type | Non-compact Compact rks dim
Al | SL(n,R)/SO(n,R) SU(n)/SO(n) n—1 = Linet2)
A SL(n,C)/SU(2) (SU(n) x SU(n))/SU(n) n—1 n+1)(n—1)
BDI | 5O(p,q)/SO(p) x SO(gq) | SO(p+ q)/SO(p) x SO(q) min{p, g} | pq
| ATl | SU(p,q)/SU(p) xSU(a) | SU(» + ¢)/SU(p) x SU(g) min{p, ¢} | 2pq
All symmetric spaces were CI | Sp(2n,R)/U(n) Sp(2n)/U(n) n 2n(n + 1)
. . , DII | SO*(2n)/U(n) SO(2n)/U(n) |2 n(n —1)
classified in the 1920's by CI_ | Sp(p, q)/Sp(p) x Sp(g) Sp(p +¢)/Sp(p) X Sp(q) min{p, ¢} | 4pg
Elie Cartan All | SL(n,H)/Sp(n) SU(2n)/Sp(n) n—1 (n—1)(2n+ 1)
’ D SO(2n,C)/SO(2n) (SO(2n) x SO(2n))/SO(2n) 7 n(2n — 1)
B SO(2n+1,C)/SO(2n+1) | (SO(2n+1) x SO(2n+1))/SO(2n+1) | n n(2n + 1)
C Sp(n, C)/Sp(n) (Sp(n) x Sp(n))/Sp(n) n

Table 6. The classical symmetric spaces. Row CI represents the Siegel spaces and their compact duals.
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Symmetric Spaces for Graph Embeddings: A Finsler-Riemannian Approach

Federico Lopez' Beatrice Pozzetti® Steve Trettel* Michael Strube' Anna Wienhard

Abstract

Lecarning faithful graph represcentations as scts of
vertex embeddings has become a fundamental in-
termediary step in a wide range of machine learn-
ing applications. We propose the systematic use
of symmetric spaces in representation learming, a
class encompassing many of the previously uscd
embedding targets. This cnables us to introduce a
new method, the use of Finsler metrics inlegrated
in a Riemannian optimization scheme, that better
adapts o dissimilar structures in the gruph. We de-
velop a tool to analyze the embeddings and infer
structural properties of the data sets. For imple-
mentation, we choose Siegel spaces, a versatile
family of symmetric spaces. Our approach out-
performs competitive baselines for graph recon-

struction tasks on various synthetic and real-world y , , ) n e
: : % ; S Figure 1, Symmetric spaces have a rich structure of totally D/, ’{y, la 6])0
datasets. We further demonstrate its applicability : ; P ' Cx 0,
BN I AT RINSG = B ) geodesic subspaces, including flat subspaces (orange) and hyper- az, &Qp s /A
on two downs ., Sy . haolie nlanee (Bluey Thic comnonnd ver computationally tractalle d oL




Symmetric Spaces for Graph Embeddings

'y Table 3: Results for Question Answering.
8 {)‘—’( 5 TRECQA WIKIQA
e | Nl Model MRR H@1 MRR H@1
v - S B Euclidean 559420 410420 434403 224+1.]
\ g A Hyperbolic 58.04+1.3 393420 44.0+04 22.8+40.6
NN SPDE 55.4+0.1 37.1+0.1 (455405 24.4+1.1
7,\’ S SPD%‘A 57.140.7 38.6+0.2 448405 24.0+06
¢, A = SPDg, 58.7+1.5 414429 446106 23.6+0.6
| SPD!, 58.1+0.5 (43.6+10 43.7+04 23.8+08
SPDE. 57.3+0.3 40.7+1.1 439407 23.442.0
SPD:L. 59.6+0.5 42.1+1.0 447+12 (250425
Figure 5. Edge coloring of Sf ! for BIO-DISEASOME (left) and CSPHD (center) and FACEBOOK (right). Edge colors indicate the angle of
the vector-valued distance for each edge, on a linear scale from 0 (yellow) to 7 /4 (blue).  — ————

T — T EEE———————————wwvy

Table 2. Comparison of different classifiers on Citeseer (top) and Cora (bottom). We

Table 2: Results for Knowledge graph-based recommender systems.

bold the best accuracy in each row.

SOFTWARE LUXURY PANTRY MINDREADER RS SPD3;

Model MRR H@10 MRR H@10 MRR H@10 MRR H@10 LIN-XE | LIN-XE SVM-MM NC-MM

TRANSE  28.5+0.1 472405 35.6+0.1 523+0.1 166+0.0 353+0.1 19.1404 37.6+0.1 GIN |48.2 + 6.3/6810 215 67.3 + 1.2 67.0 + 0.8

ROTC 28.5+03 454+14 33.0+40.1 498402 145+0.0 313402 253403 503+0.6

MURE 294404 47.1404 356407 54.0+03 194+0.1 39.5+02 252403 49.9+0.6 SGC 162.6 + 3.4/ 69.4 £ 1.0 @9.7 £ 0.8 67.9 + 1.5

MURP  29.64+03 479403 (37.540.1 (552403 194+0.1 39.8+02 253+03 493402 Cheb|63.2 + 2.1{54.6 + 10.4 61.4 + 4.4 64.0 £ 2.3

SPD&., 294404 481408 37.540.2 551402 19.5+0.0 39.6+0.3 25.4+0.1 49.8403 GAT [55.0 + 5.2/ 67.3 + 1.7 69.2 £ 0.7 68.1 + 1.1

sp[).f;;ga 28.840.1 469+05 37.3+03 54.1409 19.0+0.1 38.8402 257+05 495+0.1 GCN|64.7 + 2.3[69:9 £08 69.2 + 0.8 68.2 + 1.0

SPDE ., @03%02 486409 37.2+0.1 54.8404 (200£0.1 403£0.1 253400 (50.5%03

SPDf!,  30.1+0.1 49.1+£03 36.940.1 54.5+0.6 19.24+0.0 39.3+0.1 257400 49.5+0.2 g(l;l‘é ;’g; + 1.0 Z?’? + 0.6 ;SIJ.Z + 0.6 gfls.i + 1.0

SPDX,  29.6+02 480405 37.3+02 550402 193400 39.7+0.3 253400 49.1+0.1 -( £3.6(6..0 + 0.9 QY O 0.6

SPDFl. 293401 475406 368400 548401 186402 383403 24.8402 479418 Cheb|71.9 + 2.8/ 75.5 + 3.9 77.9 + 2.4 79.2. £1.3
GAT (679 +£42(794 + 09 81.2 + 1.481.2 + 1.1
GCN|78.1 + 1.7/ 79.7 + 0.9 80.7 £ 0.5 80.2 + 1.3
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