CLASSICAL PHYSsICS
IN CURVED SPACE

Warnings for willing travelers
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Newtonian Mechanics
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General Relativity
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I optics

EVERYTHING IS A MIRAGE

AND THE DISTANT STARS ARE DEADLY

A story from joint work with Remi Coulon,
Sabetta Matsumoto, and Henry Segerman



The geometry of vision
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A real example:
Apollo 17 en
route to the
moon.

The geometry of vision
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Vision In negative curvature

Geodesic divergence makes the earth look very small

You also see very little of its surface.
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Vision In negative curvature

Geodesic divergence makes the earth look very small

surface.
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Vision in positive curvature




Vision in positive curvature




Vision in nil geometry













nsequence:
Death by space laser




” the failure of relativity

MovVvING HURTS

AND THE EARTH EXPLODLES
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Constant speed acc = V°k
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Consequences:
If the earth moves at all, it explodes
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Consequences:
If the earth moves at all, it explodes
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RELATIVITY

If you are below deck on a ship
sailing smooth seas, there is no
way to tell if you're moving.

No isolated
experiment can
detect the
experimenter’s
velocity of motion
through space.




RELATIVITY

This is false in
hyperbolic space! O




RELATIVITY

This is false in
hyperbolic space! O




RELATIVITY

This is false in
hyperbolic space!

Indeed, its possible to build a
device that can measure your
exact velocity vector

Y —




RELATIVITY

But....a new form of relativity )

emerges between translational and ACC =V [
rotational motion. g
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Consequences:
Spin the earth and it explodes
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Consequences:
You sit upside down on trains
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Spinning and translating feel
qualitatively the same!

acc = - sinh 24



2, .2

aACC = V;—a) sinh 2

New Relativity:

Define the total velocity of a rigid object
moving along a geodesicas V =/ W + v?

Experiments can measure total velocity, but not
angular or linear velocity separately.



2, .2

aACC = V;—a) sinh 2

New Relativity:

Let G be the group of isometries preserving a

chosen geodesic, and H, = exp(tX) be a 1-
parameter subgroup of G.

Then one can only measure || X||, not X itself.
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| Geometry
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Spherical Geometry

2 .2

aceC = wz—“’ sin 2d

The relativity in positive curvature
is in their difference.

If angular velocity equals linear velocity,
our explorer feels no force at all.

What paths are these?

Thurston must have

The Hopf Fibration! known all of this...



I“ internal forces and potentials

SPACE HAS...FRICTION?

BECAUSE EVERYTHING JIGGLES



Objects are made of matter held
together by inter-molecular forces

separation

energy
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Objects are made of matter held
together by inter-molecular forces

energy

( oo T T e L T o e e )

separation

simple harmonic oscillators









Lagrangian for a Spring

L = lm||v||2 L (AZ)

2 2
Calculus of
l Variations in H”
v cosh?, . vsinh?Z 2k
A L e Y VRN
cosh2 7 cosh32 m
e N N

Determined by £ Bounded Unbounded



Velocity induced oscillations



Velocity induced oscillations
Magnitude dependent on initial speed



Consequences:

Everything vibrates!

If your planet doesn’t
explode, it suffers
constant earthquakes




Real world objects loose energy

Transferred from macroscopic to
microscopic degrees of freedom.

Eventually radiated as heat.




What does this mean for hyperbolic space?

ik

Any forward motion induces oscillation

For oscillations to disappear, the object
would need to come to rest.

Do objects slow down in empty space?!



\/I objects in non constant curvature

| _OCKED IN SPACE

DRINRING COHEE THROUGH A STRAW



Euclidean

Area = 47r?

4 Volume = 47zr°/3

Hyperbolic

Area = 47 sinh*(r)
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Moving along a curvature gradient

Euclidean Hyperbolic

e




Moving along a curvature gradient

Euclidean Hyperbolic

It takes a lot of force to
rearrange solid matter



You can pick a table up and move |]_|]2 X R

it around, but you can’t flip it over

Same for your coffee: the cup
must stay vertical or it shatters




\/ gauge theories in classical physics

SNAKES ON THE SPACE STATION
AND SWVIMMING IN THE VACUUM

A story from joint work with Brian Day
and Sabetta Matsumoto
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Snakes on a
Space Station




Should our astronaut be scared?

No, the snake can’t reach them!

The center of mass of the
snake cannot change without
external influence.

CoM = Z m.p.
PES




This This formula is a weighted
argument sum of points. It doesn’t

d 2 make sense to add points in
oeshh curved space!
generalize:
False: curved ;i:‘/
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Interlude:

Making sense of deformable
objects in classical mechanics



Configurations of a
Rigid Object







Configurations of a
Rigid Object

Each possibility can be
uniquely labeled by an
Isometry
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Configs — Isom(Space)



Configurations of a
Deformable Object

Many different Internal
Configurations




Configurations of a
Deformable Object

Many different Internal
Configurations

Each internal configuration can
be realized in Isom(Space)
many ways



Configurations of a
Deformable Object

This is a Principal
G Bundle for G =
The Isometries of
Space!




Gauge Theory!

Frank
Wilczek
Space
Richard Symmetries
Montgomery
Jack Internal

Wisdom Configs




Internal Motion as a
path lifting problem




Internal Motion as a
path lifting problem




Internal Motion as a

path lifting problem
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Internal Motion as a
path lifting problem
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Internal Motion as a
path lifting problem

The constraint of
force-free motion is a
plane distribution
on configuration
space

This distribution
defines a connection
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Internal Motion as a
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Euclidean Snakes:
a proof you’re safe




Group of
translations

~ R







The plane
distribution
is integral:
they are
tangent
planes to a
foliation by
surfaces!

The connection
Is flat.




Thus, any
periodic
internal
motion
returns you
to your
starting
position




Hyperbolic Snakes:
be scared, very scared




The

distribution
on the

SO(3,1)

bundle is
totally non-
integrable
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O
Fiber = SO(3,1)

The difference
a the holonomy of

the connection for
this loop!
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Fiber = SO(3,1)

The difference
between endpoints is
a the holonomy of
the connection for

this loop!
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Every element is the
holnomy of some loop.

Internal deformations can lead to net
translation without external force



How to

Swim (

in the vacuum
A




