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What is
Curvature?

How can we determine

1f a surface cannot -

be flattened to the
/, plane7 V 4

/' ————



What is
Curvature?

C =2nr

In Euclidean (flat)
geometry, the ratio
of the circumference
of a circle to 1ts
radius 1s constant!




What is
Curvature?

C=2xsinr

On a sphere, circles of
a given radius have

smaller circumference

than theilr Euclidean
counterparts.



What is
Curvature?

' C =2rsinhr
On a hyperboloid,

circles of a given

radius have larger

circumference than their
Fuclidean counterparts.



What is
Curvature?




What is

Curvature”
Curvature , 2Tr — C(l”)
measures this K = 3 lim ——8M8
difference. r—0
s
f

Kk <0 k=0 K> 0
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Curvature?
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Negative
Curvature

Curvature

Positive
Curvature
MC Escher

Img



Positive Zero Negative
Curvature Curvature Curvature



Positive Zerxo Negative
Curvature Curvature Curvature



Positive Zero Negative
Curvature Curvature Curvature



Positive Zero Negative
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Positive Zero Negative
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Light travels on
straight lines or
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geodesics.




The Geometry
of Vision




The Geometry
of Vision

2r

1€

Doubling
distance
halves angular

You can see S1Z¢€.
less than half
the sphere.




VWhat about
Curvature?

Negat | ve
Cur vat ur € makes
geodesics spread out.

Positl ve

curvature

draws geodesics
together.







Visionin

Positive
curvature




Visionin

Positive
curvature d

1€

0~ 2 tan-! tan r 21
~ 2 tan
sin d sin(d)



Visionin
Positive
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Positive
curvature

N
-\
' i



Visionin

Positive
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Visionin

Negative

curvature
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Raymarching
Thurston Geometries

Remi Sabetta
COulon Matsumoto RAY-MARCHING THURSTON GEOMETRIES

RIEMI COULON, ELISABISTTA A, MATSUMOTO
HENRY SEGERMAN, AND STEVE J. TRETTEL

]
]

ARSTRACT. We describe algorithms tharn produce acenrate real-
time interactive in-space views of the cight T'hurston gecometrics
using ray-marching, We give a theoretical [ramework for our al-
gorithms, independent of the geometry involved. In addition to
scenes within a geometry X, we also consider scenes within quotient
manifolds and orhifolds X/T". We adapt the Phong lighting model
to non-euclidean geometries. The most difficult part of this is the
calculation of light intensity, which relates Lo the area density of
geodesic spheres. We also give extensive practical details for each
geometry.
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A bump of
curvature

Positive

Negative



A bump of
curvature




A bump of
curvature
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« Thistreeis upside down!



A bump of
curvature




A bump of
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" Three Images of the same tree



A bump of
curvature




A bump of
curvature

Geodesics starting off
in different
directions, converging

on the same point.




A 3-Dimensional
Gecmetry called
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What does Earth
| ook Like in Nil?
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| essons and
Questions

Learning new math Is the Space around

lets us ask questions us curved?

that were previously
inconceivable How could we tell?



Einstein’s general
relativity

Spacetime 1s curved!

There’s a precise
equation to describe
this curvature!

Space tells matter how

Ric = 87[(} (T _% Tg) to move. Matter tells

space how to curve.
-John Wheeler



Einstein’s, general
relativity

Einstein’s greatest insight:

This curvature 1s what
we call gravity!

Space tells matter how

Ric = 87[(} (T _% Tg) to move. Matter tells

space how to curve.
-John Wheeler
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Even light follows the
curves of spacetime.




Even light follows the

curves of spacetime. But you need heavy

objects and big
distances to notice.




Even light follows the
curves of spacetime.

*

Eddington




Even light follows the
curves of spacetime.

*

Eddington




Even light follows the
curves of spacetime.

*

Eddington




Even light follows the
curves of spacetime.

*

Eddington




May 29, 1919
Eddington

X Aclual Position E & Apporent Posilion
of the Star ! of the Star e
I

Dislonce from the Earth l
ro the Stello Beckoround /
is more than | 1
93,000.000.000.000 miles. | !

This Digdrom shows the
proporhional Displocement
of the Stors inrelohion o
the dislonce from the Sun

The omount of Displacement
s Q’AGQQ?’L"((‘ obou! 00 Tmirs

Apparent Posilion 4
Actuel Position =

THESUN

- Dislonce froe 4
! the Eorth v &
93.000.000 miles

THE SUN

-~
- ~e I

ATLANTIC
OCEAN

Showing Path of Tolal Eclipae of Moy T8-29, 1919,
and posiliona of the hwvo ObservalionSklions.

. - e .q‘ ’
B YME ORSERVATION STATION W
LAY snax.. IN BRARILTY T

LIGHTS ALL ASKEW,

- INTHE HEAVENS

Mén of Science More or Less
Agog Over Results of Eclipse -
Observations.

EINSTEIN THEORY TRIUMPHS

Stars Not Where They Seemed
or Were Calculated to be,
but Nobody Need Worry.

A BOOK FOR 12 WISE MEN

No More in All the Worid Could
Comprehend It, Said Einsteln When
His Daring Publishers Accepted It.
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These days, the
-SIgns of curvature
are much more
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Finstein Rings
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Finstein Rings




cinstein R| f g S Converging rays

~ lead to rings.
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Finstein Rings
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Multiple lmages




Multiple |mages T
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Multiple Images

Crossing rays lead
to multiple images.




Multiple Imnages
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Escape
velocity
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Event Horizon

Photon Sphere
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Finstein Rings



Finstein RINQGS

PUCR

Rings require i e ———
light to focus... =
this should

roduce upside
down images
too!







Extreme Lensing



Extreme Lensing
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xtreme Lensing




The Interstellar
black hole










A real black hole
M-8/
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