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I WHAT IS A CURVE?



(Geometric origins:

one direction of
movement '




Algebraic recasting:
one more variable
than constraint




Broadening our horizons:

These variables could
coOMme fram many

numaoer systems
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WHAT IS AN
ELLIPTIC CURVE?




ye=x"4+ax+b @

in RP~ ' /

P C

An elliptic

curve 1s a

group!



y2=x3+ax+b
in CP?

Just changing the
field means the
algebraic story
SUI'VIVES

K This is a complex

line: that is, CP!, This is a surface
a sphere. in a 4-manifold



What does it look like over C?
























'The group law here
1S transparent: 1ts
addition mod the
lattice!




le

1C117Z

chessapig.github.io/ ElliOt K

code/CP2

f curves in CP?

1ctures o

that I hawve ever seen

1he best p



https://urldefense.proofpoint.com/v2/url?u=https-3A__chessapig.github.io_code_CP2&d=DwMFaQ&c=qgVugHHq3rzouXkEXdxBNQ&r=KnHL8LfZQiKUkNYmyuj36n5Xas4yytOYwojHfmdw7A8&m=uyqN5SjQPUvuoMBGn_zV8Z2y2knc-kuSXWu6Fx71SPKYnHx_lDKJ8Xj1ZZ0Z6ZCn&s=b0MlezNqIKbGH7D0FBz-FH_xQWdpkqgjjaeKlyMOVbw&e=
https://urldefense.proofpoint.com/v2/url?u=https-3A__chessapig.github.io_code_CP2&d=DwMFaQ&c=qgVugHHq3rzouXkEXdxBNQ&r=KnHL8LfZQiKUkNYmyuj36n5Xas4yytOYwojHfmdw7A8&m=uyqN5SjQPUvuoMBGn_zV8Z2y2knc-kuSXWu6Fx71SPKYnHx_lDKJ8Xj1ZZ0Z6ZCn&s=b0MlezNqIKbGH7D0FBz-FH_xQWdpkqgjjaeKlyMOVbw&e=

I I CLLIPTIC CURVES
OVER FINITE FIELDS




The curve y? = x° + 3x

mod 5, over [




The curve y? = x° + 3x

mod 5, over [,
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The curve y? = x° + 3x

mod 5, over [,

The group law
follows the
same algebra




The curve y? = x° + 3x

mod 5, over [,

The group law
follows the
same algebra




The curve y? = x° + 3x

mod 5, over [,

The group law
follows the
same algebra




The curve y? = x° + 3x

mod 5, over [,

The group law
follows the
same algebra




And again the group structure is rather unrelated
to the underlying space

The curve y? = x° + 3x
mod 5, over [



However...even
such pictures only
really work for
fields of prime 5
order.
”:5

'The field [, is an n-dimensional vector space over F,
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However..

such pictures only
really work for

fields of prime

order.
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mod 5, over [,
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such pictures only

However...even
really work for
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fields of prime
mod 5, over [,

order.
The curve y? = x°



However...even
such pictures only
really work for
fields of prime

order.

....And there are
many other finite

fields
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VISUALIZATION CHALLENGE:

Can we find a “nice” visualization
of finite Elliptic curves?

* 'The group law is visible Foo  Foo Feos  [Feso oo
Iz ~
* We can see curves over 56| [Fsis| Irsss
. . /\ 1/ \I/ \
extension fields without the F, F Fs  F
dimension exploding —\ //




LIFTING TO A
GQEOMETRIC W ORLD




form home for all

Ing a uni

Find




The curve over the algebraic
closure is a natural candidate




The Galois theory of

these fields is

determined by
Frobenius

The Frobenius Map
(%, y) = (xF, yF)
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The field F,5 as a vector space over [Fs



'This extends to the
elliptic curves

The Frobenius Map
(x,y) > (xF, yp)
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The curve y* = x° + 3x mod 5, over F,s



. , 4
&/ |]:p4 is the fixed points of ¢

< [ [sz is the fixed points of ¢2

&/ [Fp is the fixed points of 1)




Realizing the algebraic closure
7%/ ~ F
- P

But Z%¢ is a subset of C: so maybe we can
start with a complex elliptic curve, and
reduce some of its points mod p?




The Big Picture

Lift frobenius and find the fixed points




The ambient curve has
camplex mulz‘iplz’mz‘ian

The Big Picture






T"HEOREM
We can do this

Every elliptic curve mod p can be embedded in an elliptic
curve over C with complex multiplication.

Given a curve & over F .. the work of Deuring provides a

lattice A C C and a map ¢Z: z+ A = az+ A such that
the fixed points of 45” reduce mod p isomorphically to &.



THeorem (HAdoUd, T~) 26

Equivalence of categories

The category of lattices with an endomorphism of degree p
IS equivalent to the category of elliptic curves over I]:p

Fix a pair (a, p) and a root a of x° + ax + p, and form the

category of &£ lattices with complex mult

Then this is equivalent to the category of

J-p whose trace of Frobenius is a.

e

iplication by a.

IptIC curves over

And, we can compute this equivalence explicitly.



2 .3 Frobenius satisfies
yo =X+ Sx P*+4p+5=0

mod 5

Search for (A, a) with

a*+4a+5=0
al\ C A




+ Frobenius lifts as

z (—2+410)7

on the square lattice

< g 2




y® = x° + 3x
mod 5

Fixed points of

7+ A~ (-24+0)z+ A
are the [ points




Can't just roll up the torus arbitrarily: it’ll give the
wrong Riemann surtace!
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Instead, roll up
conformally

auSsue
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y2 — x° + 3x
mod 3, over [
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y® = x° + 3x
mod 3, over [

Fixed points of z = (=2 + e 0




y? = x° + 3x
mod 35, over 5

The curve is a
subgroup of the
torus = Z, X Z,




y® = x° + 3x
mod 35, over [5

The curve is a
subgroup of the
torus = Z, X Z,




y* = x° + 3x
mod 3, over [ s




= X~ + 3x
mod 3, over s




= x° + 3x
mod 35, over [
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Yy =x"+x+3
mod 11

Frobenius satisfies

¢*+6¢ + 11 =0



&
Frobenius lifts as
2 (=3 + i\/i) Z
on Z i\/EZ






y =x"+x+3
mod 11
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ye = x> + 3
mod 7/

Frobenius satisfies

P> +5¢p+7=0

.....




Frobenius lifts as —y
z (=5+iy/3)/2z
»
on Z & 1+21\/_ J -
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How to roll up a torus
Geometry of the Hopt Map:

Preimages of points are circles

Preimages of curves are flat surfaces




How to roll up a torus
Thm (Pinkall 85)

All flat tori are preimages of closed
curves under the Hopf map
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